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1 Introduction 



In the last few years a lot of attention has been devoted to the study of W-algebras 
For recent update reviews see Q, |J where extensive lists of references can be 
found. 

An interesting way to construct classical W-algebras is by the zero-curvature method 
01) Hi j o- ^ one constraints an A 2 gauge potential the residual gauge transfor- 

mations can be obtained as a zero-curvature condition F zS = 0. This zero-curvature 
condition is the integrability condition of a linear system of partial differential equa- 
tions. As we will see this system can be related to the transformation properties and 
equations of motion of matter coupled to the gauge fields. 

In this letter we consider a relativistic model of M particles with an Sp(2M) gauge 
group, the matter variables being the coordinates and momenta of the particles and the 
gauge variables being the Lagrange multipliers. We find that under some formal iden- 
tifications between 2d gauge theories and Id particle models, the equations of motion 
and transformation properties of the matter variables can be written as a system of par- 
tial differential equations whose integrability condition is precisely the zero-curvature 
condition F zS = 0. This condition is equivalent to the transformation properties of the 
Lagrange multipliers. These relations continue to hold when we fix the gauge partially. 
This fact explains why a model of relativistic particles exhibits, after a partial gauge- 
fixing, invariance under non-linear W-symmetry tranformations. In a sense, it can be 
understood as a coupling of matter to (world-line) W-gravity. 

The particle model is also useful for the construction of finite W-transformations. 
Finite transformations are necessary in order to understand completely the W-geometry 
i.i^SQ.&m.BIII- The strategy is the following: we first construct 
the finite linear transformations of the Sp(2M) model and then, by a partial gauge- 
fixing at the finite level, we find residual finite W-transformations. In this way one 
avoids the direct integration of non-linear infinitesimal W-transformations. We will 
explicitly construct in this paper finite W-transformations obtained from the Sp{4) 
gauge group. 



2 Sp(2M) model 

Let us consider a reparametrization-invariant model of M relativistic particles with 
an Sp(2M) gauge group living in a flat non-euclidean <i-dimensional space-time. The 
dimension d is large enough so the constraints do not trivialize the model. The canonical 
action is given by 

S= f dt (pm - \ Aij <t> Aij ) , i,j = l,...,M, A = 1,2,3. (2.1) 
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The variable xf(t) is the world-line coordinate of the i-th particle and p£ is its cor- 
responding momentum. The Lagrange multipliers A^- implement the constraints 
4>Ai = and satisfy 



A, 



A i 



A 3 



A, 



The explicit form of ^ is 



<hij = Pi x j 



and 



s 3 .. = -aye,-. 



(2.2) 



These 2M 2 + M constraints close under Poisson bracket giving a realization of the 
Sp(2M) algebra. 

It is useful to introduce a matrix notation for the coordinates and momenta of the 
particles 



with 



R = 


(;)• 


R=(p 1 , -r T 








( Pi \ 


r = 


\ X M ) 


P = 


\ PM J 



(2.3) 



We can put the Lagrange multipliers in a 2M x 2M symplectic matrix 

where the components of the M x M matrices A, B, C are the Lagrange multipliers 
Ai y , A^-, A 3y respectively. 

The canonical action (|2.1| ) can be written in a matrix form as 

S = J dt^ (RR - RAR) . (2.5) 

In this formulation the gauge invariance of the action is given by ordinary Yang- 
Mills type transformations [] with the gauge group Sp(2M): 



5R = PR, 

SA = $-[A,p], 
where (5 is the 2M x 2M matrix of gauge parameters 



Bp A p 
-Op —B 



(2.6) 
(2.7) 

(2.8) 



For a previous discussion of geometrical models and Yang-Mills gauge theories see fl6| 
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and A/3, Bp, Cp are the M x M matrices gauge parameters associated to the constraints 

The equations of motion of the matter fields are 

R-AR = 0. (2.9) 
If we make the following identifications 

5^8, (3^A- Z , A^A Z , -£-0, (2.10) 

at 

the equations of motion (2.9) and transformation properties of the matter fields (2.6) 
can be written as 

(d-A g )R = 0, (d-A z )R = 0. (2.11) 

This linear system of partial differential equations has an integrability condition F zz = 
0, which is equivalent to the transformation law of the Lagrange multipliers (2.7) under 
the identifications (2.10). These relations will continue to hold when we fix the gauge 
partially. The above discussion explains why a relativistic particle model becomes after 
partial gauge-fixing a model of matter with a non-linear W-symmetry. 

As we will see below it is useful to express the model in terms of lagrangian variables 
in order to construct the finite transformations of the model. If we write the momenta 
p in terms of the lagrangian variables 

p = A~ 1 (r-Br) = K, (2.12) 

the action is now rewritten as 

S = J dt - (k t AK - r T Cr) . (2.13) 

The gauge transformations are 

Sr = ApK + Bpr, 6A = ft— [A, j3] . (2.14) 

A characteristic feature of these lagrangian transformations is that the algebra is 
open, except for Sp(2), 

[5 1 ,5 2 }r = 5p*r + {A f 3 2 A- l Ap 1 -Ap 1 A- l A f 3 2 )[L\ r , 

[S 1 ,6 2 ]A = 5 f 3*A, (2.15) 

where (3* = [P2,Pi] and [L] r are the Euler-Lagrange equations of motion of r. There 
are two reasons for the appearance of an open algebra: 1) the transformations of the 
momenta at the lagrangian and hamiltonian level do not generally coincide, 2) there 
are more than one first-class constraints quadratic in the momenta. 
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In order to close the gauge algebra we introduce M auxiliary vectors {F\, ...Fm) 
and modify the transformation law of the coordinates r as 



Sr = Ap(K + F) + Bpr. (2.16) 

The transformation of F is determined by the condition that K + F transforms as 
p in the hamiltonian formalism. Explicitly we get 

5F = -A' 1 [Apd t (K + F) + ApB T (K + F) + (6 A - B (3 A)F + A p Cr \ , (2.17) 

while the transformation of A remains unchanged 

5A = 0-[A,0]. (2.18) 

The new algebra closes off-shell. 

The invariant action under the modified gauge transformations is 



S 



J dt^K T AK -r T Cr- F T AF) . (2.19) 



The redundancy of the auxiliary variables F is guaranteed by the action itself. This 
action is also invariant under ordinary diffeomorphisms (Diff). 

5 D r = er, 5 D F = eF, 5 D Xj = d t (eXj). (2.20) 

Diffeomorphisms are not an independent symmetry on-shell. In fact they can be 
obtained from transformations by setting 0a = up to some terms vanishing 

on the equations of motion. Diffeomorphisms and transformations form a closed 
algebra 

[5p,S D \ = 8p,, with 0' = e0 (2.21) 

As we want to obtain W-transformations after a partial gauge-fixing and these 
transformations contain ordinary Diff it is natural to consider Diff and (M(2M + 1) — 1) 
of transformations as the independent symmetry transformations. 



3 Finite transformations of Sp(2M) model 

Now we want to find the finite linear transformations of this model. 

Finite transformations can be obtained by exponentiating the infinitesimal ones 
as X 1 ' = ex.-p{6 a T a }X l , where the generators F a = R l a -r~ satisfy [r a , T^] = /^gl^- 
and X 1 represents any of the variables. The coefficients /J^ are the structure functions 
of the Sp(2M) gauge algebra. 

2 For a recent discussion on finite gauge transformations see . 



5 



It is useful to perform the integration using the matrix notation. The explicit 
form of the finite gauge transformations is considered in the following four sets of 
transformations. Any finite transformation may be obtained by the composition of 
them. 

• Transformations generated by Ap\ 

A' = A + {A/3 - ApB T - BAp} + ApCAp, 

B' = B — ApC, C = C, 

r' = r + Ap{K + F), 
F' = A 1 ' 1 [AF - A p {d t {K + F)+ B T (K + F) + Cr}] . (3.1) 

• Transformations generated by Bp: 

A' = e B eAe B e, B' = e BfJ (B — dt)e~ Bl3 , C' = e~ B Ce~ B e , 



_/ Ba m jpf ~B 



r = e p r, 



F' = e~ B e F. (3.2) 



• Transformations generated by Cp: 

A' = A, r' = r, F' = F, 

B' = B + ACp, 

C' = C + (Cp + CpB + B T Cp) + CpACp. (3.3) 

• The diffeomorphism transformations: 

m = f(t)Xi(fm r'(t) = r(f(t)), F'(t) = F(f(t)). (3.4) 



4 Finite W-transformations 



Now we will concentrate on the Sp(4) model in order to obtain W-transformations 
associated to a partial gauge-fixing of the model. The corresponding restricted model 
describes a coupling of the matter variables x« to a world-line version of chiral W- 
gravity. 

The partial gauge-fixing we consider is 

( H 1 \ 

-H 1 

C T —H 

T F OH 



(4.1) 
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In this gauge the action Q2.1| ) becomes 
S= [dt 



x x - Hxi)(x 2 + Hx 2 ) + \ (Cx\ + 2Tx lX2 + Fxf) - F X F 2 



(4.2) 



2 

The equations of motion arising from this action are: 

i L hi =-(m + H )( x * + Hx *) + Cx ^ + Tx ^ 

[L]x2 = -ilk ~ ~ Hx ^) + Fx 2 + Tx u 

[L]h = X\X 2 - X\X 2 - 2Hx\X 2 , 

[L]c = \x\, [L] F = \x 2 , [L]t = xix 2 , 

[L] Fl = -F 2 , [L] F2 = -F x . (4.3) 

In order to find the gauge transformations of this action we can use the infinitesimal 
or finite linear transformations of the Sp{4) model. We start by using the infinitesimal 
transformations found in the last section. The matrix of gauge parameters is now 
parametrized as 

The residual transformations in the gauge (4.1) are parametrized by 0\q, 05, 2 and 
0q. The relations between the dependent and the independent parameters are given by 

01 = -Cfro + 5 (-T + 2H 2 + H) + 20 5 H + 

04 = -F0 1O + 2 (-T + 2H 2 -H)- 20 2 H + ^0 2 , 

7 = -T0 W + ^0 1O - X -0 2 C - ^F0 5 , 

03 = -010 -06, 08 = -0 5 H-^fc, 09 = 02H-^0 2 . (4.5) 

Let us consider the following redefinition of the gauge parameters: 

e = W , a = 6 + H0 1O + -k0 lo , (4.6) 

where k is an arbitrary constant parameter. The non-trivial expression of the parameter 
a is related to two facts: 1) the field H can not be a primary field under reparametriza- 
tions unless a term H0iq is included, 2) The non-empty intersection between ker adA r 
(where A r is equal to A r with all remnants gauge fields put to zero) and the Cartan 
subalgebra of Sp{A) algebra allows us to introduce in a natural way the parameter k. 

There are four infinitesimal remnant transformations corresponding to the indepen- 
dent parameters e,a,0 2 and 05. 
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•e-sector. 

8H = eH + He + ±(k - l)e, 
ST = ef + 2eT - ±e, 
SC = eC + (3 - k)Ce, 
5F = eF + (1 + k)Fe, 
Sxi = e(±i + F 2 ) + \{k - 2)xie, 
<5x 2 = e(x 2 + Fi) - \kx2t, 
SF 1 = e(-Fi - 2#Fi + [L] Xl ) - ^e, 

5F 2 = e(-F 2 + 2tfF 2 + [L] X2 ) -\{2- k)F 2 e. (4.7) 

Notice that the gauge fields transform as quasi-primary fields under Diff; instead, the 
matter fields do not have nice transformation properties under Diff. We can obtain 
the standard diffeomorphism transformations for matter and auxiliary variables by 
introducing in the corresponding transformation an anti-symmetric combination of their 
equations of motion: 

5H = 5H, 5T = 5T, 5C = SC, SF = 6F, 
5q\t) = 5q l {t) + J dt'M lj (t,t') [L] qj {t'), 

where 

q 1 =x 1 , q 2 =x 2 , q 3 = Fi, q 4 = F 2 . 
The only non-zero elements of M u are: 

M 13 (t, t') = M 24 (t, t') = -M 31 (t, t') = -M 42 (t, t') = e(t)5(t - t'), 
M u (t, t') = - (e(t) + 2e(t)H(t)) 5(t - t') + 2e(t)^(t / ~ *)> 

M 43 (t, t') = - (e(t) - 2e{t)H{t)) 5{t - t') + 2e(t)-^5(t' - t). (4.10) 

M is an anti-symmetric matrix: M l i(t,t') = —M^(t',t). Hence, 5 can replace 5 as 
the symmetry transformation associated with e. The matter and auxiliary variables 
transform as primary fields under the new transformation, 

5x\ = ex\ + -(k — 2)x\e, 

5x2 = ex 2 — -kx2€, 

5F 1 = eFx - i(fc - 2)F 1 e, 
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(4.8) 
(4.9) 



5F 2 = eF 2 + \kF 2 e. (4.11) 

•a-sector. 

SH = -a, 5T = 0, SC = 2aC, 5F = -2aF, 
5x\ = —axi, 6x2 = ax 2 , SFi = aF\, 5F 2 = —aF 2 . (4.12) 

•/32-sector. 

8H = h0P2, 5T=^(3 2 (C-2CH) + $ 2 C, SC = 0, 

5F = (3 2 (AH 3 - AHT - QHH + T + H) 
-$ 2 (6H 2 -2T- 3H) + 3H(3 2 - 

8xi = P 2 (2Hx 2 + x 2 ) - -x 2 /3 2 + (3 2 F U 5x 2 = 0, 

SF 1 = 0, 8F 2 = -f3 2 (P 1 -[L] xl )-^ 2 F l . (4.13) 

•/?5-sector. 

6H = ~F(3 5 , 5T = ^(3 5 (F + 2FH) + 5 F, 5F = 0, 
SC = -(3 5 (4H 3 - AHT + 6HH -f + H) 
-0 5 (6H 2 -2T + 3H) - 3H(3 5 ~ 

5 Xl = 0, 5x 2 = -p 5 (2H Xl - xi ) - ^xi/3 5 + fcF 2 , 

5F 1 = -fc(F 2 -[L] X2 )-±p 5 F 2 , 5F 2 = 0. (4.14) 
The algebra of these residual transformations is: 

[ S € , S e , ] = 5 e <r, e" = e' e - e e', 
[ S e , 5 a ] = S a > ; d = — e a 
[6 e , Sfr] = V; & = (2 - fc) A e - eft, 
[ <^ i fy s ] = ^ 5 '; /V = k j3 5 e - efi 5 , 

[ 8 a , Sfo ] = 8 fa'', fc' = 2 a (3 2 , 
[ 8 a , 5/3 5 } = 8p & f, @ 5 ' = -2 a (3 5 , 



[6 a , 5 a >] = [ S a , 5p w ] = 

[ S fh > fys ] = $e> + 5a> + Sf3' w 5 

e' = P' w = ~ \Ws ~P 2 (3 5 )-2H fofc, 

ol = \02 $5~k f3 2 h + {k- 2)135 h) - (1 + k)(3 2 $ 5 H+ 
(3 - k) (3 5 $ 2 H + /3 2 /3 5 (T - 5H 2 + (1 - k)H), 

i S fo > <V ] = [ fyfi > <V ] = [ S P2 > fylO ] = [ fy B . 6 PlO ] = 0. ( 4 - 15 ) 

where the /3io transformation is a trivial transformation, i.e. it is proportional to 
the equations of motion. It is explicitly given by 

SH= 5T= 5C = 5F = 0, 

6x1 = Pio F 2 , 5x 2 = /?io Fi, 

5F 1 = -2ftoGFi + H Fi) - p w F 1 - (3 W [L]i, 

5F 2 = -2(3 10 {F 2 — H F 2 ) — $ w F 2 - (3 W [L] 2 . (4.16) 

Notice that we have an open algebra with field-dependent structure functions. The 
non-closure of the present algebra is due to the introduction of equations of motion in 
the definition of the e-transformation in terms of the original (3 transformations. 

The matter and auxiliary variables xi, x 2 , Fi and F 2 transform as primary fields 
under diffeomorphisms with weights (| — 1), — |, (1 — |) and | respectively. The 
gauge variables C and F transform also as primary fields with weights (3 — k) and 
(1 + k). Instead, H and T are quasi-primary fields with weights 1 and 2 . The 
transformations with parameters (3 2 , f3§ generate non-linear W-diffeomorphisms. The 
parameter a generates dilatations. 

Now we are going to construct the finite form of the previous transformations. In 
order to do that we shall perform the partial gauge-fixing with the help of the finite 
Sp(4) transformations. 

• Diff. sector: The residual finite diffeomorphisms are obtained by the following 
composition of finite transformations: 

**> jt, 

where X stands for any variable. We can express fa, (3s, (3q in terms of the Diff 
parameter /: 

& = Y r & = ^m/, Pe = ~]nf. (4.17) 
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and 



T 
H 

C 
F 



f H {f) + \{k-\)i 

f 1+k F(f) 



matter variables 



x\ 

X 2 



auxiliary variables ■ 



Fi 
F 2 



f 1 ~%F 1 (f) 
f^F 2 (f). 



(4.18) 



•a-sector (dilatations): The finite transformation corresponding to the a-sector 
infinitesimal residual transformations is a composition of (3s and (3q finite transforma- 
tions: 



with 



and 



- fa = = & 



T 


-► T 


H 


-► H-a 


C 


- e 2a C 


F 


-► e- 2a F 



(4.19) 



matter variables 



^2 



e a xi 



auxiliary variables 



Fi 
F 2 



e a F 1 
e- a F 2 . 



(4.20) 



•f3 2 -sector: The residual finite /^-difieomorphisms are obtained by the following 
composition of finite transformations: 

X ^ a a Jt, 



with 
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A = (2H 2 - T - H)0 2 - 2H0 2 + \h + (?HC - \C)0 2 

~lC0 2 2 + \C 2 3 . (4.21) 



and 

T -> T + \0 2 C + C0 2 - 2 CH-\0 2 2 C 2 

c -» c 

i? -» # + ±/3 2 C 

F -» F + 2 (f-6HH + H-4HT + AH 3 ^) + 
2 (2T-6H 2 + 3H) + 3 2 H- \0 2 {3) + 
/3 2 2 (hC H 2 -CT -2C H -3C H + + 
02 02 {^C -SC H) + \0 2 C + l0 2 2 C+ 
2 3 {2HC 2 -CC)- 2 2 2 2 C 2 + \0 2 A C 3 



matter variables ■ 



xi -» xi+/3 2 (x 2 + F 1 + 2 Hx 2 )-\0 2 x 2 + \0 2 2 Cx 2 
x 2 —> x 2 



auxiliary variables { * ^ F 2 — /3 2 (Fi — [L] Xl ) — \0 2 F\ + \0 2 2 C F\. ^ 

•/?5-sector: The residual finite /^s-diffeomorphisms are obtained by the following 
composition of finite transformations: 



with 



0s = -H0 5 + ^F0 2 -±0 5 , 7 = -±F0 5 , 



01 = (2H 2 -T + H)0 5 + 2H0 5 + \0 b ~ (2HF + \P)0 2 
-lF0 b b + \F 2 0l 



(4.23) 



and 



r t 

H 

C 



T ■ \ h, /•• • /•' h • ir, /•• // \05 2 F 2 
H-\0 b F 

C + 5 (T — 6HH — H + 4HT — 4H C 
+0 5 (2T-6H 2 -3 if) -30 5 H- ±/3 5 {3) + 

5 2 (5FH 2 -FT + 2FH + 3FH + + 
0505 (lF + 8FH) + l0 5 2 F + l0 5 5 F- 

5 3 (2HF 2 + FF) - 2 5 2 5 F 2 + ±/3 5 4 F 3 
F 
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matter variables 




x 2 + & (ail + F 2 - 2 H x x ) - \fk x x + ±/? 5 2 F x x 



auxiliary variables ^ - "ft " W,) " + ift 2 FF 2 

In this way we have integrated the non-linear W-transformations from the knowl- 
edge of the finite linear Sp(4) transformations. Notice the appearence of the schwarzian 
derivative in the transformation of T. We believe the procedure followed in this pa- 
per may be useful for the study of finite W-transformations corresponding to general 
W-algebras. The possible difficulties of this approach arise in the election of the inde- 
pendent parameters and gauge fields. 



5 Conclusions 

We have established a connection between zero-curvature condition of 2d gauge the- 
ories and relativistic particle models with an Sp(2M) gauge group. The zero-curvature 
condition encodes a particular coupling between matter and W-gravity. 

We construct the finite linear gauge transformations of the Sp{4) particle and per- 
form a partial gauge- fixing at the level of finite transformations. We obtain its finite 
remnant gauge transformations. They can be formally considered as classical chiral 
finite W-transformations of matter coupled to Sp(4) W-gravity. A peculiarity of these 
transformations is the non-closure of the algebra if we require the matter variables to 
transform as primary fields under Diff. A natural geometric interpretation of these 
transformations can be given in the framework of the flag bundle approach to zero- 



curvature condition [10] ||. The supersymmetric extension of this approach has been 



studied in [18]. Further details will appear elsewhere [19]. 
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